Abstract. Boundedness of degree of the basic field (it is ≤ 6) of an arithmetic reflection group in Lobachevsky space is proved.
Introduction
To prove finiteness of the number of maximal arithmetic reflection groups in Lobachevsky spaces, the only one question remained unsolved for more than 20 years (see [Nik86] ): Is degree of the basic field bounded, when dimension of Lobachevsky space is ≤ 9?
In [Nik80, Nik81] Nikulin had proved finiteness of the number of basic fields of fixed degree, finiteness of the number of maximal arithmetic reflection groups with fixed basic field and dimension, and also that degree is bounded, if dimension is ≥ 10. In [Vin84] Vinberg proved that dimension is < 30.
In this paper we give positive answer to the above question. More generally, we prove It happens that to prove Main Theorem 1.1 all necessary methods were contained in [Nik80, Nik81] . One should use Lemma about narrow part of a face from [Nik80] (see Theorem 2.3 below) and the generalization of Fekete's Theorem (see Theorem 2.4 below) formulated, proved and used in [Nik81] .
Thus, we completed (with the interval in more than 20 years) the proof of the general finiteness result. Thus, to finish classification of maximal arithmetic reflection groups in Lobachevsky spaces, one has to enumerate finite sets of basic fields and maximal arithmetic reflection groups over these fields.
Acknowledgment. I am grateful to V.V. Nikulin for his suggestion to study this problem, many helpful discussions, and his help with English.
2. Arithmetic reflection groups. Necessary known results.
Let W be a discrete reflection (i. e. generated by reflections in hyperplanes) group in Lobachevsky space L with a fundamental chamber M.
Let us consider the model of L related with a hyperbolic form Φ of signature (1, n) over the field R of real numbers where n = dim L. Let
be the cone defined by Φ and V + one of its halves. Then L = V + /R ++ is the set of rays [x] = R + x where x ∈ V + and R ++ , R + are sets of positive and non-negative real numbers respectively. Each half-space H + in L is equal to
∈ L | x · δ ≥ 0} where δ ∈ Φ is the orthogonal vector to H + with δ 2 = −2. Let δ i ∈ P (M) be the set of all vectors with square −2 which are orthogonal to facets of M, and (a ij ) = (δ i · δ j ) its Gram matrix. It is known that a ij ≥ 0, if i = j. Hyperplanes H δ i and H δ j don't intersect, if a ij > 2; intersect in one point at infinity, if a ij = 2; have angle φ = arccos (a ij /2), if a ij < 2, moreover φ = π/n ij where n ij ≥ 2 is an integer. The Gram matrix describes M completely up to motions of L. It is convenient to describe the Gram matrix by its Coxeter graphs Γ. Vertices of Γ correspond to P (M), the edge connecting two vertices δ i = δ j has the weight a ij = δ i · δ j . There are no edge, if a ij = 0.
A subset of P (M) (and the corresponding subgraph of Γ) is called elliptic, parabolic, hyperbolic, if its Gram (sub) matrix is negative definite, semi-negative definite, hyperbolic respectively.
The following statement is well-known, e. g. see [Vin85] . Classification of elliptic subgraphs of Γ is well-known and is due to Coxeter [Cox34] . They correspond to finite reflection groups. Classification of Lanner subgraphs was obtained by Lanner [Lan50] . They correspond to reflection groups whose fundamental chamber is a bounded simplex in Lobachevsky space. Their number is finite, if the number of vertices is at least 4. E. g. see [Vin85] about these results.
If M has finite volume, then the form Φ is identified with
If W is arithmetic reflection group, its fundamental chamber M is called an arithmetic fundamental chamber. In this case, M has finite volume and number of its faces is finite. The criterium of arithmeticity of M is due toÉ.B. Vinberg.
Theorem 2.2. (É.B. Vinberg [Vin67]) M is arithmetic, if and only if all cyclic products
are algebraic integers; the field K generated by all elements a ij of the Gram matrix is purely real; for any embedding K → R which is not identical on the field K generated by all cyclic products (2) the form (1) is negative definite.
The field K is called the basic field (or the field of definition) of the arithmetic reflection group (or its fundamental chamber), K ⊂ K gives its (canonical) extension.
By Vinberg's Theorem, any cyclic product b ij = a ij a ji = a 2 ij is an algebraic integer. Thus all a ij are purely real algebraic integers. If K = Q, then M is bounded and satisfies 2.1. Classification or arithmetic reflection groups in Lobachevsky space with bounded simplex as fundamental chamber is known. Their Coxeter graphs are exactly Lanner graphs which are arithmetic (i. e. satisfy Vinberg's Theorem). In dimension n ≥ 3 all Lanner graphs are arithmetic except one of them (see [Vin84] ). They exist only if dimension n ≤ 5 and their number is finite. In dimension n = 2 all arithmetic Lanner graphs (i. e. triangle groups) were found by Takeuchi [Tak77] . Their number is also finite. Thus, all these cases give a finite number of possible basic fields of arithmetic reflection groups. All these fields have degrees ≤ 6.
We want to bound degree of all other basic fields of arithmetic reflection groups. Here the main our tools will be the following two results found and used for classification of arithmetic reflection groups by Nikulin.
There exists an edge r ⊂ F (narrow part of F ) bounded by vertices A and B of F and δ 1 , δ 2 ∈ P (M) such that the corresponding hyperplanes H δ 1 and H δ 2 intersect r exactly in A and B respectively, moreover,
This statement had been used by Nikulin to prove that the number of basic fields is finite for the fixed degree. Similar (but much more complicated statement) had been used by Nikulin to prove that the number of maximal arithmetic reflection groups is finite, if the dimension and the basic field are fixed.
The following result due to Fekete is classical over Q and had been obtained by Fekete. The formulated below statement is its straightforward generalization to purely real algebraic number fields, and had been formulated and proved (similarly to Q) by V.V. Nikulin. [Fek23] , V.V. Nikulin [Nik81] ) Let F be a purely real algebraic number field, and to each embedding σ :
Theorem 2.4. (M. Fekete
Then for any integer n ≥ 0 there exists a non-zero polynomial P n (T ) ∈ O[T ] of the degree ≤ n over the ring O of integers of F such that for any σ : F → R one has
Theorem 2.4 together with some combinatorial properties of the fundamental chamber had been used by Nikulin to prove that the degree of basic field is bounded, if dimension is ≥ 10. The mentioned combinatorial properties were later used byÉ.B. Vinberg to prove that dimension is bounded by 29. We don't need the combinatorial properties.
Boundedness of degree of basic fields
Here we prove our main result 
Proof. The main step is
Theorem 3.2. Let K ′ = Q(u) be a purely real algebraic number field and u ∈ R an algebraic integer such that 2 < u < 14 and |u σ | < 2 for each embedding σ : K ′ → R which is not identical on the subfield
Proof. There are two cases.
Case 1: 
In Fekete's Theorem 2.4, we put a σ = u σ , b σ = 0, if u σ < 0, and a σ = 0,
Moreover, we put n = 6. Let us consider the polynomial P 6 (T ) ∈ O[T ] from Theorem 2.4. We have
Assume that N > 6. It is easy to see that the last expression is then
In this case, there exists exactly one non-trivial embedding σ 1 : Q(u) → R which is identical on Q(u 2 ). We have u σ 1 ∈ (−14, −2). For all other embeddings σ ∈ {id, σ 1 } we have |u σ | < 2. Similarly to Case 1, we have
Like in Case 1, we put in Theorem 2.4 a σ = u σ , b σ = 0, if u σ < 0, and we put a σ = 0,
It is easy to see that the last expression is < 1, if N > 6. Like in Case 1, we then get that N ≤ 6. This finishes the proof. 
In particular, this is true for any Lanner subset of P (M).
Proof. It easily follows from Theorem 2.2.
Let us prove the main theorem. Let W be an arithmetic reflection group in Lobachevsky space L of dimension n ≥ 2. Let M be a fundamental chamber of W . If M is not bounded, then K = Q. Thus, we can assume that M is bounded.
Let F be any two-dimensional face of M. There are two cases. Case 1. The face F is triangular. Let us consider a subset
where δ 4 , . . . , δ n+1 are orthogonal to hyperplanes containing F , and δ 1 , δ 2 , δ 3 are orthogonal to hyperplanes which intersect F by all its three edges. Then K ′ is hyperbolic of the rank n + 1. Let us consider its Lanner subset L ⊂ K ′ . Obviously, L must contain all three elements δ 1 , δ 2 and δ 3 . Then the determinant of L generates K which will be the basic field of one of Lanner graph of rank ≥ 3. Case 2. The face F is not triangular. In this case consider δ 1 and δ 2 from Theorem 2.3. We consider a subset K ′ ⊂ P (M) containing δ 1 , δ 2 and all δ ∈ P (M) which are orthogonal to hyperplanes containing the face F . Then K is hyperbolic of the rank n, and any hyperbolic subset of K contains δ 1 and δ 2 . Thus, there exists a Lanner subset L ⊂ K containing δ 1 and δ 2 . If rk L ≥ 3 the basic field is the same as for Lanner graph of rank ≥ 3.
Ir rk L = 2, then the Gram matrix of L = {δ 1 , δ 2 } is
where 2 < u < 14. Here we have 2 < u because L is hyperbolic. We have u < 14 by Theorem 2.3. Here u is purely real, and the matrix
is negative definite for all embeddings σ : Q(u) → R which are not identical on the basic field K = Q(u 2 ), by Theorem 2.2. This is equivalent to |u σ | < 2. By Theorem 3.2, [K : Q] ≤ 6. This finishes the proof.
Remark 3.4.
Combining this result with known results [Nik80] , [Nik81] , [Vin84] , we completed (see discussion in Introduction) the proof of the following general result. The method of proof of Main Theorem 3.1 also permits to enumerate all the basic fields of arithmetic reflection groups. Really, such a field either coincides with the basic field of Lanner graph of rank ≥ 3 and is known, or it is the field of decomposition of a polynomial of degree ≤ 6 with integral coefficients. The restrictions on the roots of these polynomials give restrictions on their coefficients. Thus, their number is finite (the same considerations were used in [Nik80] to prove that number of basic fields of a fixed degree is finite). From the set of all these polynomials, one has to exclude all polynomials having either non-real roots or not satisfying conditions of Theorem 3.2. Certainly, the remaining polynomials can be enumerated.
